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Abstract
An alternative separation of short-range exchange and correlation energies is used in the frame-
work of second-order range-separated density-functional perturbation theory. This alternative
separation was initially proposed by Toulouse et al. [Theor. Chem. Acc. 114, 305 (2005)] and
relies on a long-range interacting wavefunction instead of the non-interacting Kohn-Sham one.
When second-order corrections to the density are neglected, the energy expression reduces to a
range-separated double-hybrid (RSDH) type of functional, RSDHf, where ”f” stands for ”full-
range integrals” as the regular full-range interaction appears explicitly in the energy expression
when expanded in perturbation theory. In contrast to usual RSDH functionals, RSDHf describes
the coupling between long- and short-range correlations as an orbital-dependent contribution. Cal-
culations on the first four noble-gas dimers show that this coupling has a significant effect on the
potential energy curves in the equilibrium region, improving the accuracy of binding energies and
equilibrium bond distances when second-order perturbation theory is appropriate.
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I. INTRODUCTION
The combination of post-Hartree-Fock (post-HF) methods with density-functional the-
ory (DFT) by means of range separation has been explored in recent years in order to
improve the long-range part of standard exchange-correlation functionals. Long-range
second-order Møller-Plesset (MP2) [1–4], second-order N-electron valence state perturbation
theory (NEVPT2) [5], Coupled-Cluster (CC) [6] as well as several long-range variants of
the random-phase approximation (RPA) [7–9] have thus been merged with short-range local
and semi-local density-functionals [6, 10, 11], and successfully applied to weakly interacting
molecular systems [6, 12–15]. Even though such schemes require more computational efforts
than standard DFT calculations, they still keep some of the advantages of the latter in
terms of basis set convergence and basis set superposition error (BSSE).
In all the range-separated models mentioned previously the complementary short-range
density-functional describes not only the purely short-range exchange-correlation energy but
also the coupling between long- and short-range correlations [10]. Indeed, as the exact short-
range exchange energy is obtained from the non-interacting Kohn-Sham (KS) determinant,
like in standard DFT, the complementary short-range correlation energy is defined as the
difference between the regular full-range correlation density-functional energy and the purely
long-range one. Local density approximations (LDA) to the complementary short-range
correlation functional can thus be obtained along the same lines as for the regular correlation
energy, simply by modeling a uniform electron gas with long-range interactions only [10].
Even though range-separated DFT methods for example can describe dispersion forces in
noble-gas and alkaline-earth-metal dimers, those based on MP2 or RPA with the long-range
HF exchange response kernel (RPAx) often underbind, while a long-range CC treatment can
in some cases overbind [9]. In order to improve on the description of weak interactions in the
equilibrium region, we propose in this work to describe within MP2, not only the purely long-
range correlation but also its coupling with the short-range one, while preserving a DFT
description of the short-range correlation energy. This can be achieved rigorously when
using an alternative separation of the exact short-range exchange and correlation energies
that relies on the long-range interacting wave function instead of the KS determinant, as
initially proposed by Toulouse et al. [16]. The paper is organized as follows: in Sec. II we first
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motivate the description of the coupling between long- and short-range correlations within
MP2 and then briefly present the usual combination of long-range MP2 with short-range
DFT, leading thus to the definition of range-separated double hybrid (RSDH) functionals.
A new perturbation expansion of the energy is then derived through second order when
using the alternative short-range exchange-correlation energy decomposition of Ref. [16].
Comparison is then made with conventional double hybrids. The calculation of the orbitals
is also discussed. Following the computational details in Sec. III, results obtained for the
noble-gas dimers within the short-range local density approximation of Paziani et al. [17]
are presented. Conclusions are given in Sec. IV.
II. THEORY
A. Range separation of the second-order Møller-Plesset correlation energy
The exact ground-state energy of an electronic system can be expressed as follows
E = min
Ψ
{
〈Ψ|Tˆ + Wˆee + Vˆne|Ψ〉
}
, (1)
where Tˆ is the kinetic energy operator, Vˆne denotes the nuclear potential operator, and
Wˆee is the regular electron-electron interaction. For systems that are not strongly multi-
configurational, the exact ground-state wave function that minimizes the energy in Eq. (1) is
reasonably well approximated by the HF determinant Φ0 which is obtained when restricting
the minimization in Eq. (1) to single determinant wavefunctions. Correlation effects can then
be described, for example, in MP perturbation theory where the first-order correction to the
wavefunction contains double excitations only, which can be expressed in second-quantized
form as [18]
|Ψ(1)〉 = 1
2
∑
ij,ab
t
ab(1)
ij EˆaiEˆbj|Φ0〉, (2)
where Eˆai = aˆ
†
a,αaˆi,α + aˆ
†
a,βaˆi,β is a singlet excitation operator while i, j and a, b denote occu-
pied and unoccupied HF orbitals. The MP1 amplitudes are expressed in terms of the HF or-
bital energies and the two-electron integrals 〈ab|ij〉 = ∫ ∫ dr1dr2φa(r1)φb(r2) 1r12φi(r1)φj(r2)
as follows
t
ab(1)
ij =
〈ab|ij〉
εi + εj − εa − εb , (3)
3
and the MP2 correlation energy equals [18]
E(2) = 〈Φ0|Wˆee|Ψ(1)〉 =
∑
ij,ab
V ijab t
ab(1)
ij , (4)
where the two-electron contributions that are contracted with the MP1 amplitudes are
expressed as
V ijab = 2〈ab|ij〉 − 〈ab|ji〉. (5)
While the long-range part of the correlation energy can, in many cases, be described rea-
sonably well within MP2, the accurate description of short-range correlation effects usually
requires the use of CC methods instead of MP2 which increases the computational cost
significantly and requires the use of large atomic basis sets. On the other hand, standard
DFT methods enable a rather accurate calculation of the short-range correlation, with a
relatively low computational cost, but they fail in describing long-range correlation effects.
For that reason, Savin [19] proposed to separate the two-electron repulsion into short- and
long-range parts
1
r12
= wlr,µee (r12) + w
sr,µ
ee (r12), (6)
where µ is a parameter that controls the range separation, so that, for example, a long-range
MP2 calculation can be combined rigorously with a short-range DFT one. The commonly
used long-range interaction [11] wlr,µee (r12) = erf(µr12)/r12, which is considered in this work,
is based on the error function but the formalism presented here will be valid for any sepa-
ration of the two-electron repulsion. While the range separation of the exchange energy is
unambiguous, as the latter is linear in the two-electron interaction, the assignment of long-
and short-range correlation effects to MP2 and DFT, respectively, is less obvious. Indeed,
as both MP1 amplitudes and integrals can be range-separated, according to Eqs. (3), (5)
and (6),
t
ab(1)
ij =
(
t
ab(1)
ij
)lr,µ
+
(
t
ab(1)
ij
)sr,µ
,
V ijab =
(
V ijab
)lr,µ
+
(
V ijab
)sr,µ
, (7)
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the MP2 correlation energy, that is quadratic in the interaction, contains purely long-range
and purely short-range contributions as well as long-/short-range coupling terms:
E(2) =
∑
ij,ab
[(
V ijab
)lr,µ(
t
ab(1)
ij
)lr,µ
+
(
V ijab
)sr,µ(
t
ab(1)
ij
)sr,µ
+
(
V ijab
)lr,µ(
t
ab(1)
ij
)sr,µ
+
(
V ijab
)sr,µ(
t
ab(1)
ij
)lr,µ]
.
(8)
Since the last two summations on the right-hand side of Eq. (8) are equal,∑
ij,ab
(
V ijab
)lr,µ(
t
ab(1)
ij
)sr,µ
=
∑
ij,ab
[
2〈ab|ij〉lr,µ − 〈ab|ji〉lr,µ]〈ab|ij〉sr,µ
εi + εj − εa − εb
=
∑
ij,ab
2〈ab|ij〉sr,µ〈ab|ij〉lr,µ
εi + εj − εa − εb
−
∑
ij,ab
〈ab|ij〉lr,µ〈ab|ji〉sr,µ
εj + εi − εa − εb
=
∑
ij,ab
(
V ijab
)sr,µ(
t
ab(1)
ij
)lr,µ
, (9)
the range-separated MP2 correlation energy can finally be rewritten as
E(2) =
∑
ij,ab
(
V ijab
)lr,µ(
t
ab(1)
ij
)lr,µ
+
(
V ijab
)sr,µ(
t
ab(1)
ij
)sr,µ
+2
(
V ijab
)sr,µ(
t
ab(1)
ij
)lr,µ
. (10)
In conventional range-separated density-functional perturbation theory [1–3], the long-range
correlation energy only is described within MP2 while the short-range correlation and its
coupling with the long-range one are modeled by a complementary local or semi-local density-
functional. While it is important, in terms of computational cost, to describe the purely
short-range correlation energy within DFT, the coupling term could in principle be treated
within MP2. In the particular case of a van der Waals dimer like Ar2, for example, this
term is not expected to contribute significantly to the dispersion interaction energy at long
distance as the short-range integral contributions will vanish. However, in the equilibrium
region (Re ≈ 7.1a0 [20]), the average correlation distance between the valence electrons
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located on different Ar atoms is approximately Re − 2Ra ≈ 4.4a0, where Ra = 1.34a0 is
the atomic radius of Ar. The former distance should then be compared with the inverse
1/µ of the range separation parameter that defines qualitatively what are long and short-
range interactions [21]. In conventional range-separated calculations µ ≈ 0.4 − 0.5a−10 [4,
22, 23] which leads to 1/µ ≈ 2.0 − 2.5a0. As a result, short-range integrals will be of the
same order of magnitude or smaller than long-range ones so that, in this case, they can
contribute significantly to the dispersion interaction energy. It is thus relevant to raise
the question whether an MP2 description of the long-/short-range correlation coupling is
not preferable to a DFT one. Note that, as readily seen from Eq. (10), this would only
require the computation of the short-range integrals that would then be contracted with the
long-range MP1 amplitudes. In this respect, such a new scheme would still be based on
a long-range MP2 calculation so that the advantages of the conventional range-separated
MP2-DFT model [1] relative to regular MP2, like a faster convergence with respect to the
basis set and a smaller BSSE, would be preserved. After a short introduction to conventional
range-separated density-functional perturbation theory in Sec. II B, we will show in Secs. II C
and II D how the long-/short-range MP2 coupling term can be rigorously introduced into
the energy expansion through second order by means of a different separation of the exact
short-range exchange and correlation energies.
B. Range-separated density-functional perturbation theory
In conventional range-separated DFT [19], which we refer to as short-range DFT (srDFT),
the exact ground-state energy is rewritten as
E = min
Ψ
{
〈Ψ|Tˆ + Wˆ lr,µee + Vˆne|Ψ〉+ Esr,µHxc[nΨ]
}
= 〈Ψµ|Tˆ + Wˆ lr,µee + Vˆne|Ψµ〉+ Esr,µHxc[nΨµ ], (11)
where Wˆ lr,µee is the long-range electron-electron interaction operator. The complemen-
tary short-range Hartree-exchange-correlation (srHxc) density-functional energy is denoted
Esr,µHxc[n]. While Eq. (1) is recovered in the µ→ +∞ limit, the other limit µ = 0 corresponds
to regular KS-DFT as the long-range interaction vanishes and the srHxc functional reduces
to the conventional Hxc one. As a zeroth-order approximation, the minimization in Eq. (11)
can be performed over single determinant wave functions, leading to the HF-srDFT scheme
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(referred to as RSH for range-separated hybrid in Ref. [1]). The minimizing HF-srDFT
determinant Φµ0 fulfills the following long-range HF-type equation
Hˆ0|Φµ0〉 = E0|Φµ0〉,
Hˆ0 = Tˆ + Uˆ
lr,µ
HF + Vˆne +
∫
dr
δEsr,µHxc
δn(r)
[nΦµ0 ] nˆ(r),
(12)
where Uˆ lr,µHF =
∑
pq
∑
i
(
2〈pi|qi〉lr,µ − 〈pi|iq〉lr,µ)Eˆpq is the long-range analog of the non-local
HF potential operator, constructed with the occupied HF-srDFT orbitals, and nˆ(r) denotes
the density operator. The long-range dynamical correlation effects, which are not described
at the HF-srDFT level, can then be treated within a long-range MP-type perturbation
theory [1, 6]. For that purpose, we introduce a perturbation strength α and define the
auxiliary energy [1]
Eα,µ = min
Ψ
{
〈Ψ|Tˆ + (1− α)Uˆ lr,µHF + αWˆ lr,µee |Ψ〉
+〈Ψ|Vˆne|Ψ〉+ Esr,µHxc[nΨ]
}
. (13)
The minimizing wave function Ψα,µ in Eq. (13) can be obtained self-consistently from the
following non-linear eigenvalue-type equation(
Tˆ + (1− α)Uˆ lr,µHF + αWˆ lr,µee + Vˆne
+
∫
dr
δEsr,µHxc
δn(r)
[nΨα,µ ] nˆ(r)
)
|Ψα,µ〉 = Eα,µ|Ψα,µ〉.
(14)
It is readily seen, from Eqs. (12) and (14), that in the α = 0 limit, Ψα,µ reduces to the
HF-srDFT determinant Φµ0 , while, according to Eqs. (11) and (13), the auxiliary energy
becomes, for α = 1, the exact ground-state energy and Ψα,µ reduces to the minimizing wave
function Ψµ in Eq. (11). Using the intermediate normalization condition
〈Φµ0 |Ψα,µ〉 = 1, 0 ≤ α ≤ 1, (15)
it was shown [1–3, 24] that the wave function can be expanded through second order as
follows
|Ψα,µ〉 = |Φµ0〉+ α|Ψ(1)lr,µ〉+ α2|Ψ(2)µ〉+O(α3), (16)
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where the first-order contribution is the long-range analog of the MP1 wavefunction correc-
tion
|Ψ(1)lr,µ〉 = 1
2
∑
ij,ab
(
t
ab(1)
ij
)lr,µ
EˆaiEˆbj|Φµ0〉, (17)
that is computed with HF-srDFT orbitals and orbital energies. Indeed, according to the Bril-
louin theorem, the density remains unchanged through first order, leading to the following
Taylor expansion, through second order, for the density:
nΨα,µ(r) = nΦµ0 (r) + α
2δn(2)µ(r) +O(α3), (18)
so that self-consistency effects in Eq. (14) do not contribute to the wave function through
first order. Non-zero contributions actually appear through second order in the wave func-
tion [24]. Finally, the auxiliary energy can be expanded as [1, 2]
Eα,µ = E(0)µ + αE(1)µ + α2E(2)µ +O(α3), (19)
where, when considering the α = 1 limit, the HF-srDFT energy is recovered through first
order
EsrDFTHF = E
(0)µ + E(1)µ (20)
= 〈Φµ0 |Tˆ + Wˆ lr,µee + Vˆne|Φµ0〉+ Esr,µHxc[nΦµ0 ],
and the second-order correction to the energy is the purely long-range MP2 correlation
energy
E(2)µ =
∑
ij,ab
(
V ijab
)lr,µ(
t
ab(1)
ij
)lr,µ
. (21)
In summary, the HF-srDFT scheme defines an approximate one-parameter RSH exchange-
correlation energy which combines exact long-range exchange with complementary srDFT
exchange-correlation energies:
Eµxc,RSH = −
∑
ij
〈ij|ji〉lr,µ + Esr,µx [nΦµ0 ]
+Esr,µc [nΦµ0 ]. (22)
Including second-order terms leads to the MP2-srDFT energy expression [2] (referred to as
RSH+MP2 in Ref. [1]),
EsrDFTMP2 = E
srDFT
HF + E
(2)µ, (23)
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which defines, according to Eq. (21), an approximate one-parameter range-separated double
hybrid exchange-correlation energy expression
Eµxc,RSDH = −
∑
ij
〈ij|ji〉lr,µ +
∑
ij,ab
(
V ijab
)lr,µ(
t
ab(1)
ij
)lr,µ
+Esr,µx [nΦµ0 ] + E
sr,µ
c [nΦµ0 ], (24)
where both the purely short-range correlation energy and its coupling with the long-range
one are described by the complementary short-range correlation density-functional.
C. Alternative decomposition of the short-range exchange-correlation energy
Since the exact short-range exchange-correlation density-functional is unknown, local
and semi-local approximations have been developed in order to perform practical srDFT
calculations [6, 10, 11, 19, 25–28]. The former are based on the following decomposition of
the srHxc energy
Esr,µHxc[n] = E
sr,µ
H [n] + E
sr,µ
x [n] + E
sr,µ
c [n], (25)
Esr,µH [n] =
1
2
∫ ∫
dr dr′ n(r)n(r′)wsr,µee (|r− r′|) ,
Esr,µx [n] = 〈ΦKS[n]|Wˆ sr,µee |ΦKS[n]〉 − Esr,µH [n],
where the short-range correlation energy is defined with respect to the KS determinant
ΦKS[n] like in standard DFT. As an alternative, Toulouse, Gori-Giorgi and Savin [16, 29]
proposed a decomposition which relies on the ground state Ψµ[n] of the long-range interacting
system whose density equals n:
Esr,µHxc[n] = 〈Ψµ[n]|Wˆ sr,µee |Ψµ[n]〉+ Esr,µc,md[n]. (26)
The first term in the right-hand side of Eq. (26) was referred to as ”multideterminantal”
(”md”) short-range exact exchange [29]. As shown in the following, it contains not only the
short-range exchange energy but also coupling terms between long- and short-range corre-
lations. Note that, according to Eq. (26), the complementary ”md” short-range correlation
functional differs from the conventional one defined in Eq. (25):
Esr,µc,md[n] = E
sr,µ
c [n] + 〈ΦKS[n]|Wˆ sr,µee |ΦKS[n]〉
−〈Ψµ[n]|Wˆ sr,µee |Ψµ[n]〉. (27)
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This expression has been used in Refs. [16, 17] for developing short-range ”md” LDA corre-
lation functionals. Returning to the exact energy expression in Eq. (11), the srHxc energy
can be written as
Esr,µHxc[nΨµ ] = 〈Ψµ|Wˆ sr,µee |Ψµ〉+ Esr,µc,md[nΨµ ], (28)
using the decomposition in Eq. (26) and the first Hohenberg–Kohn theorem [30] which
ensures, according to Eq. (14) in the α = 1 limit, that Ψµ is the ground state of a long-range
interacting system and therefore
Ψµ[nΨµ ] = Ψ
µ. (29)
When adding long- and short-range interactions in Eq. (11), the exact ground-state energy
expression becomes [16]
E = 〈Ψµ|Tˆ + Wˆee + Vˆne|Ψµ〉+ Esr,µc,md[nΨµ ]. (30)
As shown in Sec. II D, using such an expression, in combination with the MP2-srDFT per-
turbation expansion of the wave function in Eq. (16), will enable us to define a new class of
RSDH functionals where both the purely long-range MP2 correlation energy and the long-
/short-range MP2 coupling term appear explicitly in the energy expansion through second
order. Let us finally mention that, as shown by Sharkas et al. [31], regular double hybrid
density-functional energy expressions can be derived when considering a scaled interaction
λ1/r12 instead of a long-range one based on the error function. With the notations of Ref. [32]
, the short-range exchange-correlation energy decomposition in Eq. (26) becomes, for the
scaled interaction,
E
λ1
Hxc[n] = (1− λ1)〈Ψλ1 [n]|Wˆee|Ψλ1 [n]〉+ Eλ1c,md[n], (31)
where Ψλ1 [n] is the ground state of the λ1-interacting system whose density equals n. As
further discussed in Sec. II E, the new class of RSDH which is derived in this work can be
connected to conventional two-parameter double hybrids by means of Eq. (31).
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D. New class of range-separated double hybrid density-functionals
In order to derive a new perturbation expansion of the energy based on Eq. (30), we
introduce a modified auxiliary energy
E˜α,µ = Eα,µ − Esr,µHxc[nΨα,µ ]
+α
〈Ψα,µ|Wˆ sr,µee |Ψα,µ〉
〈Ψα,µ|Ψα,µ〉 + E
sr,µ
c,md[nΨα,µ ],
(32)
which reduces, like Eα,µ, to the exact ground-state energy in the α = 1 limit. As argued
in Sec. II A, RSDH functionals are well adapted to the description of weakly interacting
systems. We also pointed out that, for standard µ values, the short-range integrals associated
to dispersion interactions may be of the same order of magnitude or smaller than their
long-range counterparts. It is therefore relevant, for such systems, to consider the short-
range interaction as a first-order contribution in perturbation theory, like the long-range
fluctuation operator in MP2-srDFT (see Eq. (13)). This justifies the multiplication by α of
the short-range interaction expectation value in Eq. (32). It also ensures that truncating
the Taylor expansion of the modified auxiliary energy through second order is as relevant as
for the auxiliary energy used in MP2-srDFT. Let us mention that the perturbation theory
presented in the following differs from MP2-srDFT only by the energy expansion. Both
approaches will indeed be based on the same wavefunction perturbation expansion. As
discussed further in Sec. II F, it is, in principle, possible to correct both the wave function
and the energy consistently when combining optimized effective potential (OEP) techniques
with range separation. Note also, in Eq. (32), the normalization factor in front of the
short-range interaction expectation value, which must be introduced since the intermediate
normalization is used (see Eq. (15)). From the wavefunction perturbation expansion in
Eq. (16), we thus obtain the orthogonality condition 〈Φµ0 |Ψ(1)lr,µ〉 = 0 and, as a result, the
following Taylor expansion:
〈Ψα,µ| Wˆ sr,µee |Ψα,µ〉
〈Ψα,µ|Ψα,µ〉 = 〈Φ
µ
0 | Wˆ sr,µee |Φµ0〉
+2α〈Φµ0 |Wˆ sr,µee |Ψ(1)lr,µ〉+O(α2).
(33)
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In addition, according to Eq. (18), the short-range density-functional energy difference can
be expanded through second order as(
Esr,µc,md − Esr,µHxc
)
[nΨα,µ ] =
(
Esr,µc,md − Esr,µHxc
)
[nΦµ0 ]
+α2
∫
dr
(
δEsr,µc,md
δn(r)
− δE
sr,µ
Hxc
δn(r)
)
[nΦµ0 ] δn
(2)µ(r)
+O(α3).
(34)
As a result, we obtain from Eqs. (19), (32), (33) and (34) a new Taylor expansion for the
energy
E˜α,µ = E˜(0)µ + αE˜(1)µ + α2E˜(2)µ +O(α3), (35)
where
E˜(0)µ = E(0)µ +
(
Esr,µc,md − Esr,µHxc
)
[nΦµ0 ],
E˜(1)µ = E(1)µ + 〈Φµ0 |Wˆ sr,µee |Φµ0〉,
E˜(2)µ = E(2)µ + 2〈Φµ0 |Wˆ sr,µee |Ψ(1)lr,µ〉
+
∫
dr
(
δEsr,µc,md
δn(r)
− δE
sr,µ
Hxc
δn(r)
)
[nΦµ0 ] δn
(2)µ(r).
(36)
According to Eq. (20), in the α = 1 limit, we recover through first order what can be referred
to as a RSH energy expression with full-range integrals (RSHf)
ERSHf = E˜
(0)µ + E˜(1)µ (37)
= 〈Φµ0 |Tˆ + Wˆee + Vˆne|Φµ0〉+ Esr,µc,md[nΦµ0 ],
which defines the approximate one-parameter RSHf exchange-correlation energy
Eµxc,RSHf = −
∑
ij
〈ij|ji〉+ Esr,µc,md[nΦµ0 ]. (38)
Turning to the second-order energy corrections in Eq. (36), the second term on the right-
hand side of the third equation can be identified, by analogy with Eq. (4), as the long-
/short-range MP2 coupling term that was introduced in the range-separated expression of
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the MP2 correlation energy in Eq. (10):
2〈Φµ0 |Wˆ sr,µee |Ψ(1)lr,µ〉 = 2
∑
ij,ab
(
V ijab
)sr,µ(
t
ab(1)
ij
)lr,µ
. (39)
Note that this coupling is here expressed in terms of the HF-srDFT orbitals and orbital
energies. We thus deduce from Eq. (21) the final expression for the second-order correction
to the energy:
E˜(2)µ =
∑
ij,ab
[(
V ijab
)lr,µ
+ 2
(
V ijab
)sr,µ](
t
ab(1)
ij
)lr,µ
+
∫
dr
(
δEsr,µc,md
δn(r)
− δE
sr,µ
Hxc
δn(r)
)
[nΦµ0 ] δn
(2)µ(r).
(40)
Note that Eqs. (37) and (40) provide an energy expression which is exact through second
order. Note also that, in contrast to MP2-srDFT [3, 33] for which the auxiliary energy in
Eq. (13) has a variational expression, the 2n + 1 rule is not fulfilled here as the modified
auxiliary energy expression in Eq. (32) is not variational. In other words, the Hellmann–
Feynman theorem does not hold in this context. If we neglect the second-order correction to
the density, that is well justified for molecular systems which are not multi-configurational [6,
24], we obtain a RSDH energy expression involving, through the exchange energy, full-range
integrals (RSDHf)
ERSDHf = ERSHf
+
∑
ij,ab
[(
V ijab
)lr,µ
+ 2
(
V ijab
)sr,µ](
t
ab(1)
ij
)lr,µ
.
(41)
Note that, according to Eqs. (21), (23) and (41), the same long-range correlation energy
expression, that is based on MP2, is used in both RSDHf and MP2-srDFT schemes. The
former differs from the latter, in the second-order correlation energy correction, only by the
coupling between long- and short-range correlations that is now described within MP2,
ERSDHf − EsrDFTMP2 = ERSHf + 2
∑
ij,ab
(
V ijab
)sr,µ(
t
ab(1)
ij
)lr,µ
−EsrDFTHF . (42)
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Hence, according to Eq. (38), the RSDHf energy expression in Eq. (41) defines a new type
of approximate one-parameter RSDH exchange-correlation energy,
Eµxc,RSDHf = −
∑
ij
〈ij|ji〉
+
∑
ij,ab
[(
V ijab
)lr,µ
+ 2
(
V ijab
)sr,µ](
t
ab(1)
ij
)lr,µ
+Esr,µc,md[nΦµ0 ],
(43)
which is, in addition, self-interaction free as both long- and short-range exchange energies
are treated exactly. In conclusion, according to Eqs. (24) and (43), RSDHf differ from
MP2-srDFT in terms of exchange and correlation energies as follows:
Eµx,RSDHf − Eµx,RSDH = −
∑
ij
〈ij|ji〉sr,µ − Esr,µx [nΦµ0 ],
Eµc,RSDHf − Eµc,RSDH = Esr,µc,md[nΦµ0 ]
+2
∑
ij,ab
(
V ijab
)sr,µ(
t
ab(1)
ij
)lr,µ
−Esr,µc [nΦµ0 ]. (44)
It is known that, in practice, standard hybrid functionals only use a fraction of exact ex-
change. The situation here is quite different as a part of the correlation energy is treated
explicitly in perturbation theory. In this respect, it is not irrelevant to investigate RSDH
schemes that use 100% of full-range exact exchange. Numerical results presented in Sec. IV
actually support this statement. Nevertheless, as shown in Appendix A, a two-parameter
RSDHf (2RSDHf) model can be formulated when introducing a fraction λ of exact short-
range exchange energy. This leads to the following exchange-correlation expression
Eµ,λxc,2RSDHf = −
∑
ij
[
〈ij|ji〉lr,µ + λ〈ij|ji〉sr,µ
]
+
∑
ij,ab
[(
V ijab
)lr,µ
+ 2λ
(
V ijab
)sr,µ](
t
ab(1)
ij
)lr,µ
+(1− λ)
(
Esr,µx [nΦµ0 ] + E
sr,µ
c [nΦµ0 ]
)
+λEsr,µc,md[nΦµ0 ]. (45)
As readily seen in Eq. (45), the 2RSDHf scheme reduces to MP2-srDFT and RSDHf models
in the λ = 0 and λ = 1 limits, respectively. Note that, for any value of λ, the long-range
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exchange and purely long-range correlation energies are fully treated at the HF and MP2
levels, respectively. As a result, the second parameter λ can only be used for possibly
improving, in practice, the description of the complementary short-range energy. Such a
scheme is not further investigated in this paper and is left for future work.
E. Connection with conventional double hybrids
As shown in Refs. [32, 34], the exchange-correlation energy expression that is used in
conventional two-parameter double hybrids (2DH),
Eax,acxc,2DH = −ax
∑
ij
〈ij|ji〉+ (1− ax)Ex[n]
+(1− ac)Ec[n] + ac
∑
ij,ab
V ijab t
ab(1)
ij ,
(46)
can be derived within density-functional perturbation theory when the following conditions
are fulfilled:
0 ≤ ax ≤ 1,
0 ≤ ac ≤ a2x. (47)
This is achieved when applying the MP2 approach to an electronic system whose interaction
is scaled as λ1/r12 where
λ1 = ax −
√
a2x − ac. (48)
As already mentioned in Sec. II C, an analogy can be made between regular double hybrids
and the RSDHf model derived in Sec. II D, considering first, according to Eq. (43), a fraction
of 100% for the exact exchange energy
ax = 1, (49)
which, according to Eq. (48), leads to
ac = 1− (1− λ1)2. (50)
When switching from the scaled to the long-range interaction,
λ1/r12 → wlr,µee (r12), (51)
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or equivalently
(1− λ1)/r12 → wsr,µee (r12), (52)
the fraction of MP2 correlation energy in a regular double hybrid becomes, according to
Eqs. (50) and (52),
ac
∑
ij,ab
V ijab t
ab(1)
ij →
∑
ij,ab
V ijab t
ab(1)
ij
−
∑
ij,ab
(
V ijab
)sr,µ(
t
ab(1)
ij
)sr,µ
, (53)
and, from Eq. (31) as well as Eqs. (10), (13) and (36) in Ref. [32], we obtain for the DFT
correlation term
(1− ac)Ec[n] ≈ Eλ1c,md[n] → Esr,µc,md[n], (54)
where, on the left-hand side of Eq. (54), the uniform coordinate scaling in the density has
been neglected, as in conventional double hybrids [31, 32]. As a result, using Eqs. (4) and
(10), we recover by simple analogy the RSDHf exchange-correlation energy expression of
Eq. (43).
F. Calculation of the orbitals
As mentioned in Sec. II D, the RSDHf exchange-correlation energy expression in Eq. (43)
would be exact through second order if the second-order corrections to the density had not
been neglected. In practical calculations, further approximations must be considered. The
first one concerns the short-range ”md” correlation energy functional for which local approx-
imations have been developed [16, 17]. The second one is related to the calculation of the
HF-srDFT orbitals which is ”exact” only if Eq. (12) is solved with the exact srHxc density-
functional potential. In this work, an approximate short-range LDA (srLDA) potential will
be used. Note that, as an alternative, OEP techniques could also be applied for obtaining
possibly more accurate srHxc potential and orbitals [16, 29]. The simplest procedure, re-
ferred to as HF-srOEP, would consist in optimizing the short-range potential at the RSHf
level, in analogy to the density-scaled two-parameter HF-OEP (DS2-HF-OEP) scheme of
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Ref. [32], that is, without including long-range and long-/short-range MP2 contributions to
the srOEP. There is no guarantee that the corresponding MP2-srOEP scheme will perform
better than RSDHf, simply because correlation effects may affect the orbitals and the orbital
energies significantly. Moreover, the srOEP would also depend on the approximation used
for the short-range ”md” correlation functional. Numerical calculations would be necessary
to assess the accuracy of the MP2-srOEP scheme. Work is currently in progress in this
direction.
III. COMPUTATIONAL DETAILS
The RSDHf exchange-correlation energy expression in Eq. (43) has been implemented in
a development version of the DALTON program package [35]. The complementary ”md”
srLDA functional of Paziani et al. [17] has been used. The HF-srLDA orbitals, that are used
in the computation of both RSDHf and MP2-srLDA energies, were obtained with the srLDA
exchange-correlation functional of Toulouse et al. [10]. The latter was also used for calculat-
ing the complementary srDFT part of the MP2-srLDA energy. Note that the ”md” srLDA
functional is not expected to reduce to the srLDA correlation functional of Ref. [10] in the
µ = 0 limit, as it should in the exact theory according to Eq. (27). Indeed, while the former
is based on quantum Monte Carlo calculations, the latter was analytically parametrized
from CC calculations performed on a long-range interacting uniform electron gas. Inter-
action energy curves have been computed for the first four noble-gas dimers. Augmented
correlation-consistent polarized quadruple-ζ basis sets (”aug-cc-pVQZ”) of Dunning and
co-workers [36–41] have been used. Comparison is made with regular MP2 and CCSD(T)
approaches. The counterpoise method has been used for removing the BSSE. Equilibrium
distances (Re), equilibrium interaction energies (De) and harmonic vibrational wavenumbers
(ωe) have been obtained through fits by a second-order Taylor expansion of the interaction
energy
U(R) = −De + 1
2
k(R−Re)2,
ωe =
1
2pic
√
k
µ0
,
(55)
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where c is the speed of light in the vacuum and µ0 is the reduced mass of the dimer.
An extended Levenberg-Marquardt algorithm [42] on a set of points from Re − 0.02a0 to
Re +0.02a0 by steps of 0.01a0 has been used. C6 dispersion coefficients have been calculated
by fitting the expression U(R) = −C6/R6 with the same algorithm on a set of points from
30.0 to 60.0a0 by steps of 5.0a0 [1]. Hard core radii have been calculated by searching for the
distance σ at which U(σ) = 0. The analytical potential curves of Tang and Toennies [20]
are used as reference.
IV. RESULTS AND DISCUSSION
A. Choice of the µ parameter
In this section we discuss the choice of the range-separation parameter µ for practical
MP2-srDFT and RSDHf calculations. Following the prescription of Fromager et al. [22],
which consists in assigning short-range correlation effects to the density-functional part
of the energy to the maximum possible extent, we investigate, for the first four noble-
gas atoms, the variation of the second-order correlation energy, in both MP2-srDFT and
RSDHf, when increasing µ from zero. Results are shown in Fig. 1. The recipe given in
Ref. [22] for the definition of an optimal µ value consists in determining the largest µ
value, in systems that do not exhibit long-range correlation effects, for which the energy
correction induced by the long-range post-HF treatment remains relatively small (1 mEh
was used as threshold in Ref. [22]). Such a value ensures that the Coulomb hole is essentially
described within DFT. For MP2-srDFT, this criterion leads to the value µ = 0.4a−10 (see
Fig. 1) which is in agreement with previous works based on multi-configuration srDFT
calculations [22, 43]. As shown by Strømsheim et al. [44], this value ensures that most of the
dispersion in He2 is assigned to the long-range interaction. It is relatively close to 0.5a
−1
0 ,
which is used in RSH+lrMP2 and RSH+lrRPA calculations [1, 9, 12, 13, 45] and that has
been calibrated for reproducing at the exchange-only RSH level atomization energies of small
molecules [23]. In the case of RSDHf, the second-order correlation energy deviates from zero
(within an accuracy of 1 mEh) for much smaller µ values (about 0.15a
−1
0 ) and is, up to
0.4a−10 , completely dominated by the lr-sr MP2 coupling term. One may thus conclude that
the prescription of Ref. [22] leads to different optimal µ values when considering RSDHf
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energies. It is in fact more subtle. Let us first note that Fig. 1 can be rationalized when
considering the Taylor expansion of the range-separated MP2 correlation energy as µ→ 0,
which leads to ∑
ij,ab
(
V ijab
)lr,µ(
t
ab(1)
ij
)lr,µ
= A6µ
6 +O(µ7),
2
∑
ij,ab
(
V ijab
)sr,µ(
t
ab(1)
ij
)lr,µ
= B3µ
3 +B4µ
4
+B5µ
5 +B6µ
6 +O(µ7),
(56)
where the expansion coefficients are expressed in terms of the KS orbitals and orbital energies
(see Appendix B). The fact that the lr-sr MP2 coupling term varies as µ3 for small µ
values, while the purely long-range MP2 correlation energy varies as µ6, explains the earlier
deviation from zero observed for the RSDHf second-order correlation energy. It also helps to
realize that the RSDHf second-order correlation energy is not the right quantity to consider
when applying the recipe of Fromager et al. [22] with a threshold of 1 mEh, as its variation
for small µ values depends more on the short-range interaction than the long-range one.
Note that the lowest order terms in Eq. (56) simply arise from the Taylor expansion of the
long- and short-range interactions [11]
wlr,µee (r12) =
2√
pi
(
µ− 1
3
µ3r212 +O(µ5)
)
,
wsr,µee (r12) =
1
r12
+O(µ), (57)
which can be inserted into the range-separated MP2 correlation energy expression in
Eq. (10). In conclusion, the order of magnitude of the purely long-range MP2 correla-
tion energy only should be used for choosing µ with the energy criterion of Ref. [22], exactly
like in MP2-srDFT. Hence, RSDHf calculations presented in the following have been per-
formed with µ = 0.4a−10 . Note, however, that the lr-sr MP2 curve in Fig. 1 is still of interest
as it exhibits, for all the noble gases considered, an inflection point around 0.4 − 0.5a−10
which can be interpreted as the transition from short-range to long-range interaction regimes
as µ increases. This confirms that choosing µ = 0.4a−10 for the purpose of assigning the
Coulomb hole to the short-range interaction is relevant. A change in curvature was actually
expected as, in both µ = 0 and µ→ +∞ limits, the coupling term strictly equals zero. Let
us finally mention that natural orbital occupancies computed through second order can also
be used to justify the choice of µ in MP2-srDFT [22, 24], and consequently in RSDHf, as
both methods rely on the same wavefunction perturbation expansion.
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B. Analysis of the interaction energy curves
Interaction energy curves have been computed for the first four noble-gas dimers with
the various range-separated hybrid and double hybrid schemes presented in Secs. II B and
II D, using the srLDA approximation. As discussed in Sec. IV A, the µ parameter was set
to 0.4a−10 . Comparison is made with conventional MP2 and CCSD(T) results. The curves
are shown in Fig. 2. As expected from Ref. [1], HF-srLDA and RSHf models do not de-
scribe weak interactions between the two atoms as they both neglect long-range correlation
effects. Interestingly RSHf is even more repulsive than HF-srLDA. According to Eqs. (22)
and (38) the two methods differ by (i) the short-range exchange energy, which is treated
with an LDA-type functional within HF-srLDA and exactly within RSHf, and (ii) the com-
plementary short-range correlation energy which is in both cases treated with an LDA-type
functional but includes within HF-srLDA more correlation than in RSHf. The RSHf curve
could thus be expected to get closer to the regular HF curve which was shown to be more
repulsive than HF-srLDA, at least for Ne and heavier noble-gas dimers [1]. When the lr-sr
MP2 coupling term is added to the RSHf energy (RSHf + lr-srMP2 curve in Fig. 2), the in-
teraction energy curve becomes less repulsive than the HF-srLDA one. It means that using
an exact short-range exchange energy in combination with a purely short-range density-
functional correlation energy and a lr-sr MP2 coupling term, like in RSHf + lr-srMP2, can
provide substantially different interaction energies when comparison is made with a range-
separated DFT method where the complementary short-range exchange-correlation energy
is entirely described with an approximate density-functional, like in HF-srLDA. Let us stress
that this difference, that is significant for He2, is the one obtained when comparing RSDHf
and MP2-srLDA interaction energies since both are computed with the same purely long-
range MP2 term which enables recovery of the dispersion interactions on the MP2 level (see
Eq. (42)). As RSDHf binds more than MP2-srLDA, RSDHf binding energies become closer
to the experimental values for He2 and Ne2. In the former case, RSDHf and CCSD(T) curves
are almost on top of each other and are the closest to experiment. For Ar2 and Kr2, as MP2-
srLDA already performs well, RSDHf slightly overbinds. The error on the binding energy
is still in absolute value comparable to that obtained with CCSD(T) while the equilibrium
bond distances remain accurate and closer to experiment than CCSD(T) (see Table I). We
should stress here that comparison with CCSD(T) results is not completely fair as those are
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not fully basis-set converged while MP2-srLDA and RSDHf results are almost converged,
which is, of course, a nice feature of range-separated schemes. This point will be discussed
further in Sec. IV C.
Following Kullie and Saue [4], we computed for analysis purposes long- and short-range
exchange-correlation energy contributions to the RSDHf and MP2-srLDA interaction ener-
gies when varying the µ parameter for Ar2 at R = 7.013a0 and 10a0. In the former case
which corresponds to the RSDHf equilibrium geometry we first notice in Fig. 3 (a) that, for
µ = 0.4a−10 , the computed srLDA and exact short-range exchange energies are fortuitously
equal and strongly attractive. As a result the difference between RSDHf and MP2-srLDA
interaction energies is only due to the complementary short-range correlation energy. Since
the srLDA correlation energy numerically equals for µ = 0.4a−10 the lr-sr MP2 coupling term,
again fortuitously, this difference reduces to the complementary ”md” srLDA correlation en-
ergy (see Eq. (44)) which is attractive and thus makes RSDHf bind more than MP2-srLDA.
It is then instructive to vary µ around 0.4a−10 . As µ decreases the srLDA exchange be-
comes increasingly attractive while the srLDA correlation interaction energy does not vary
significantly (see Fig. 3 (a)). As a result MP2-srLDA, which reduces to standard LDA in
the µ = 0 limit, increasingly overbinds when µ ≤ 0.2a−10 . On the contrary, RSDHf is less
attractive as µ decreases from 0.4a−10 and becomes repulsive for µ ≤ 0.25a−10 . In the latter
case, the purely long-range MP2 interaction energy becomes negligible, as already observed
for Kr2 by Kullie and Saue [4]. The attractive lr-sr MP2 coupling term also decreases in
absolute value but remains significant for 0.1 ≤ µ ≤ 0.2a−10 , as expected from the analysis in
Sec. IV A. As the attractive ”md” srLDA correlation contribution does not vary significantly
as µ decreases while the exact short-range exchange becomes less attractive, RSDHf does
become repulsive. Note that, for µ = 0, the ”md” srLDA correlation interaction energy does
not reduce exactly to the srLDA correlation one, as it should in the exact theory, simply
because the functionals were not developed from the same uniform electron gas model (see
Sec. III). Beyond µ = 0.4a−10 the lr-sr MP2 coupling decreases in absolute value as well as
the difference between RSDHf and MP2-srLDA interaction energies which is consistent with
the fact that both methods reduce to standard MP2 in the µ→ +∞ limit.
Let us now focus on the lr-sr MP2 contribution to the interaction energy. According
to Eq. (39) it is constructed from the product of long- and short-range integrals associ-
ated to dispersion-type double excitations, namely simultaneous single excitations on each
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monomer. For a given bond distance R we can define from the atomic radius Ra a reference
µref = 1/(R − 2Ra) parameter for which both long- and short-range integrals are expected
to be significant and therefore give the largest absolute value for the lr-sr MP2 interaction
energy. When using Ra = 1.34a0 in the case of Ar, we obtain µref = 0.23a
−1
0 and 0.14a
−1
0 for
R = 7.013 and 10a0, respectively. These values are in relatively good agreement with the
minima of the lr-sr MP2 term in Figs. 3 (a) and (b). Even though, for µ = 0.4a−10 , the lr-sr
MP2 coupling term does not reach its largest contribution to the equilibrium interaction
energy, it is still far from negligible. It actually contributes for about half of the binding
energy, which explains why RSDHf and MP2-srLDA curves differ substantially in the equi-
librium region. At the larger R = 10a0 distance, µ = 0.4a
−1
0 is too large, when compared to
0.14a−10 , for the lr-sr MP2 coupling to contribute significantly (see Fig. 3 (b)). Similarly the
complementary short-range exchange-correlation terms are relatively small and completely
dominated by the purely long-range MP2 term. This explains why RSDHf and MP2-srLDA
interaction energy curves get closer as R increases.
C. Performance of the RSDHf model
Equilibrium binding energies (De), equilibrium bond distances (Re), harmonic vibrational
wavenumbers (ωe), hard core radii (σ) as well as C6 dispersion coefficients have been com-
puted at the RSDHf level for the first four noble-gas dimers. Results are presented in Table I
where comparison is made with MP2-srLDA, MP2 and CCSD(T). As mentioned previously,
RSDHf binds more than MP2-srLDA which is an improvement for both He2 and Ne2, in
terms of equilibrium bond distances, binding energies and hard core radii. Interestingly,
Toulouse et al. [9] observed similar trends when replacing in the MP2-srDFT calculation the
long-range MP2 treatment by a long-range RPA description including the long-range HF
exchange response kernel (RPAx), or when using a long-range CCSD(T) description. For
He2, the RSDHf harmonic vibrational wavenumber is closer to experiment than the MP2-
srLDA one, but not for Ne2. In this case it is still more accurate than regular MP2. For Ar2
and Kr2, RSDHf overestimates both equilibrium binding energies and harmonic vibrational
wavenumbers but the errors are comparable in absolute value to the CCSD(T) ones. On
the other hand, the equilibrium bond distances remain relatively accurate when compared
to MP2-srLDA values. The two-parameter extension of RSDHf in Eq. (45) might be a good
22
compromise for improving MP2-srLDA while avoiding overbinding. Calibration studies on
a larger test set should then be performed. Work is in progress in this direction.
Concerning the C6 coefficients, the differences between RSDHf and MP2-srLDA values are
-0.027, +0.55, +9.28 and +14.8 for He2, Ne2, Ar2 and Kr2, respectively. Comparison can be
made with the difference between the CCSD(T)-srDFT and MP2-srDFT values of Toulouse
et al. [9]: +0.49, +1.28, +4.3 and +1.0, respectively. One could have expected these dif-
ferences to be larger in absolute value than the previous ones, as RSDHf describes the
long-range correlation within MP2, like in MP2-srDFT. For Ne2 and the heavier dimers, the
lr-sr MP2 coupling term might not be completely negligible at large distance, even though
its contribution to the interaction energy is significantly smaller than the purely long-range
MP2 one. This should be investigated further on a larger test set, including for example
the benzene dimer. Replacing the long-range MP2 treatment with a long-range RPA one
in the RSDHf model would then be interesting to investigate [13]. Work is in progress in
this direction. Let us finally mention that the advantages of MP2-srDFT with respect to
the BSSE and the basis set convergence are preserved in the RSDHf model as both methods
rely on the same wavefunction perturbation expansion. This is illustrated in Fig. 4 for Ar2,
where the BSSE appears to be even smaller at the RSDHf level than within MP2-srLDA,
and in Fig. 5 for He2 and Ne2, where the basis set convergence is shown to be much faster
for both RSDHf and MP2-srLDA than standard MP2 and CCSD(T).
V. CONCLUSION
The alternative decomposition of the short-range exchange-correlation energy initially
proposed by Toulouse et al. [16] has been used in the context of range-separated density-
functional perturbation theory. An exact energy expression has been derived through second
order and a connection with conventional double hybrid density-functionals has been made.
When neglecting the second-order correction to the density, a new type of range-separated
double hybrid (RSDH) density-functional is obtained. It is referred to as RSDHf where f
stands for ”full-range” as the regular full-range interaction appears explicitly in the energy
expression that is expanded through second order. Its specificity relies on (i) the use of an
exact short-range exchange energy, and (ii) the description of the coupling between long-
and short-range correlations at the MP2 level. Promising results were obtained with the
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adapted LDA-type short-range correlation functional of Paziani et al. [17] for the calculation
of interaction energies in the noble-gas dimers. RSDHf keeps all the advantages of standard
RSDH functionals, namely a small BSSE and a faster convergence with respect to the basis
set. The method can still be improved in terms of accuracy. The first improvement could
come from the orbitals and their energies. In this respect it would be worth combining long-
range HF with short-range optimized effective potential approaches. A more flexible two-
parameter extension, which makes a smooth connection between RSDHf and conventional
RSDH functionals, is also proposed and should be tested on a larger test set. Finally,
replacing the long-range MP2 in RSDHf with a long-range RPA description might be of
interest for describing weakly interacting stacked complexes such as the benzene dimer.
Work is currently in progress in those directions.
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Appendix A: TWO-PARAMETER RSDHf MODEL
A two parameter extension of the RSDHf model can be obtained when using the following
decomposition of the exact srHxc density-functional energy
Esr,µHxc[n] = λ〈Ψµ[n]|Wˆ sr,µee |Ψµ[n]〉+ Esr,µ,λHxc [n], (A1)
where 0 ≤ λ ≤ 1 and, according to Eq. (26),
Esr,µ,λHxc [n] = (1− λ)Esr,µHxc[n] + λEsr,µc,md[n]. (A2)
With such a partitioning, the exact ground-state energy can be rewritten as
E = 〈Ψµ|Tˆ + Wˆ lr,µee + λWˆ sr,µee + Vˆne|Ψµ〉
+(1− λ)Esr,µHxc[nΨµ ] + λEsr,µc,md[nΨµ ].
(A3)
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From the Taylor expansion in α of the auxiliary energy
E˜α,µ,λ = Eα,µ − λEsr,µHxc[nΨα,µ ]
+α
〈Ψα,µ|λWˆ sr,µee |Ψα,µ〉
〈Ψα,µ|Ψα,µ〉 + λE
sr,µ
c,md[nΨα,µ ],
(A4)
we obtain, through second order, a two-parameter RSDHf (2RSDHf) energy expression
E2RSHf = 〈Φµ0 |Tˆ + Wˆ lr,µee + λWˆ sr,µee + Vˆne|Φµ0〉
+(1− λ)Esr,µHxc[nΦµ0 ] + λE
sr,µ
c,md[nΦµ0 ]
+
∑
ij,ab
[(
V ijab
)lr,µ
+ 2λ
(
V ijab
)sr,µ](
t
ab(1)
ij
)lr,µ
,
(A5)
where the second-order corrections to the density have been neglected. The corresponding
approximate 2RSDHf exchange-correlation energy expression is given in Eq. (45).
Appendix B: RANGE SEPARATION OF THE MP2 CORRELATION ENERGY
FOR SMALL µ
In this appendix, a Taylor expansion of the purely long-range MP2 correlation energy
and its coupling with the short-range correlation is derived for small µ values. Note that
HF-srDFT orbitals will be denoted here with a superscript ”µ”. This will enable us to
distinguish them from the KS orbitals to which they reduce in the µ = 0 limit. According
to Eq. (12), the canonical doubly-occupied iµ, jµ and unoccupied aµ, bµ HF-srDFT orbitals
fulfill the following long-range HF-type equation
(
tˆ+ vˆne + vˆH + uˆ
lr,µ
HFX + vˆ
sr,µ
xc
)
|pµ〉 = εµp |pµ〉, (B1)
where vˆH, uˆ
lr,µ
HFX and vˆ
sr,µ
xc correspond, respectively, to the local Hartree potential, the
non-local long-range HF exchange (HFX) potential and the local short-range exchange-
correlation potential. For analysis purposes, we expand the doubly-occupied orbitals and
their energies in perturbation theory, using as unperturbed orbitals the KS doubly-occupied
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i and unoccupied a orbitals, which are recovered in the µ = 0 limit:
|iµ〉 = |i〉+
∑
a
|a〉〈a|uˆ
lr,µ
HFX + vˆ
sr,µ
xc − vˆxc|i〉
εi − εa + . . . ,
εµi = εi + 〈i|uˆlr,µHFX + vˆsr,µxc − vˆxc|i〉
+
∑
a
〈a|uˆlr,µHFX + vˆsr,µxc − vˆxc|i〉2
εi − εa + . . . ,
〈p|uˆlr,µHFX|q〉 = −
∑
j
〈pj|jq〉lr,µ,
(B2)
where vˆxc is the standard exchange-correlation potential operator. Note that, for simplicity,
self-consistency in Eq. (B1) is neglected. From the Taylor expansion about µ = 0 of the
long-range interaction based on the error function [11],
wlr,µee (r12) =
2√
pi
(
µ− 1
3
µ3r212 +
1
10
µ5r412 +O(µ7)
)
, (B3)
we obtain the following expression for the long-range HFX potential matrix elements:
〈a|uˆlr,µHFX|i〉 =
2µ3
3
√
pi
∑
j
〈ij|r212|ja〉
− µ
5
5
√
pi
∑
j
〈ij|r412|ja〉+O(µ7).
(B4)
Moreover, since the short-range exchange and correlation density-functional energies can be
expanded as [11]
Esr,µx = Ex +
µN√
pi
− E(3)lrx µ3 − E(5)lrx µ5 +O(µ7),
Esr,µc = Ec − E(6)lrc µ6 +O(µ7),
(B5)
where N denotes the number of electrons, the potential operator difference vˆsr,µxc − vˆxc can
be rewritten as
vˆsr,µxc − vˆxc =
µ√
pi
− vˆ(3)lrx µ3 − vˆ(5)lrx µ5
−vˆ(6)lrc µ6 +O(µ7).
(B6)
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From Eqs. (B2), (B4) and (B6), we conclude that
|iµ〉 = |i〉+O(µ3), (B7)
and
εµi = εi −
µ√
pi
+ µ3ε
(3)
i +O(µ4),
ε
(3)
i = −〈i|vˆ(3)lrx |i〉+
2
3
√
pi
∑
j
〈ij|r212|ji〉.
(B8)
According to Eqs. (B3) and (B7), the long-range integrals squared computed with the
HF-srDFT orbitals are therefore expanded as(
〈aµbµ|iµjµ〉lr,µ
)2
=
4µ6
9pi
〈ab|r212|ij〉2 +O(µ7), (B9)
and the long-/short-range integrals product equals
〈aµbµ|iµjµ〉lr,µ〈aµbµ|iµjµ〉sr,µ =
− 2µ
3
3
√
pi
〈ab|r212|ij〉〈ab|ij〉+
µ5
5
√
pi
〈ab|r412|ij〉〈ab|ij〉
−4µ
6
9pi
〈ab|r212|ij〉2 +O(µ7).
(B10)
Moreover, according to Eq. (B8), the HF-srDFT orbital energy differences can be rewritten
as
∆εab,µij = ε
µ
i + ε
µ
j − εµa − εµb
= ∆εabij −
2µ√
pi
+ µ3
(
ε
(3)
i + ε
(3)
j
)
+O(µ4), (B11)
so that, from the Taylor expansion
1
∆εab,µij
=
1
∆εabij
(
1− ∆ε
ab,µ
ij −∆εabij
∆εabij
+
(
∆εab,µij −∆εabij
∆εabij
)2
+ . . .
 ,
(B12)
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their inverse can be expanded as
1
∆εab,µij
=
1
∆εabij
+
2µ(
∆εabij
)2√
pi
+
4µ2(
∆εabij
)3
pi
−
µ3
(
ε
(3)
i + ε
(3)
j
)
(
∆εabij
)2 +O(µ4).
(B13)
Using Eqs. (B9), (B10) and (B13), we finally obtain the expansions in Eq. (56) where the
Taylor expansion coefficients are expressed in terms of the KS orbitals and orbital energies
as follows:
A6 =
4
9pi
∑
a,b,i,j
〈ab|r212|ij〉
∆εabij
(
2〈ab|r212|ij〉 − 〈ab|r212|ji〉
)
,
B3 = − 4
3
√
pi
∑
a,b,i,j
〈ab|r212|ij〉
∆εabij
(2〈ab|ij〉 − 〈ab|ji〉) ,
B4 = − 8
3pi
∑
a,b,i,j
〈ab|r212|ij〉(
∆εabij
)2 (2〈ab|ij〉 − 〈ab|ji〉) ,
B5 =
2
5
√
pi
∑
a,b,i,j
〈ab|r412|ij〉
∆εabij
(2〈ab|ij〉 − 〈ab|ji〉)
− 16
3pi
√
pi
∑
a,b,i,j
〈ab|r212|ij〉(
∆εabij
)3 (2〈ab|ij〉 − 〈ab|ji〉) ,
B6 = −2A6 + 4
5pi
∑
a,b,i,j
〈ab|r412|ij〉(
∆εabij
)2 (2〈ab|ij〉 − 〈ab|ji〉)
+
4
3
√
pi
∑
a,b,i,j
(
ε
(3)
i + ε
(3)
j
)
〈ab|r212|ij〉(
∆εabij
)2 (2〈ab|ij〉 − 〈ab|ji〉) .
(B14)
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FIGURE AND TABLE CAPTIONS
Figure 1: (Color online) Long-rangeE(2)lr,µ (dashed red line) and long-/short-rangeE(2)lr−sr,µ
(dotted blue line) MP2 correlation energies, as well as the sum of the two contributions
(solid green line), computed with the HF-srDFT orbitals and orbital energies for He
(top left), Ne (top right), Ar (bottom left) and Kr (bottom right) atoms when varying
the µ parameter.
Figure 2: (Color online) Interaction energy curves obtained for He2 (top left), Ne2 (top
right), Ar2 (bottom left) and Kr2 (bottom right) with conventional srLDA schemes
(thin dotted and double-dotted-dashed blue lines) and the new range-separated models
(thick red lines). See text for further details. Comparison is made with MP2 (thin
dashed green line), CCSD(T) (dotted-dashed black line) and the experimental (solid
black line) results of Ref. [20]. The µ parameter is set to 0.4 a−10 .
Figure 3: (Color online) Decomposition of the µ-dependent RSDHf (thick double-dotted-
dashed red line) and MP2-srLDA (thin double-dotted-dashed blue line) interaction
energies for Ar2 at both R = 7.013 (left) and 10.0a0 (right) bond distances. E
(2)lr,
E(2)lr−sr, Esrx [Φ] = −
∑
ij〈ij|ji〉sr,µ and n denote the purely long-range MP2 interaction
energy, the long-/short-range coupling contribution, the exact short-range exchange
energy contribution computed with the HF-srDFT orbitals, and the HF-srDFT density,
respectively. See text for further details. Comparison is made with conventional
CCSD(T) (dotted-dashed black line) and experiment (black solid line).
Figure 4: (Color online) RSDHf (red double-dotted-dashed lines), MP2-srLDA (blue
dashed lines) and regular MP2 (green dotted lines) interaction energy curves of Ar2
with (thick lines) and without (thin lines) BSSE correction. The µ parameter is set
to 0.4 a−10 .
Figure 5: (Color online) Basis set (aug-cc-pVnZ) convergence for the RSDHf and MP2-
srLDA total energies in He2 (left) and Ne2 (right). Experimental equilibrium dis-
tances [20] and µ = 0.4 a−10 were used. Comparison is made with conventional MP2
and CCSD(T).
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Table I: Equilibrium bond distances (Re/a0), binding energies (De/µEh), harmonic vibra-
tional wavenumbers (ωe/cm
−1), C6 dispersion coefficients (C6/a60) and hard core radii
(σ/a0) computed for the first four noble-gas dimers at the RSDHf and MP2-srLDA
levels. Comparison is made with MP2 and CCSD(T) values. Reduced constants,
which are obtained when dividing by the accurate ”experimental” values of Ref. [20],
are given in parentheses.
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TABLE I: Cornaton et al., Physical Review A
MP2 CCSD(T) MP2-srLDA RSDHf Expt.a
He2
Re 5.862 (1.043) 5.690 (1.013) 6.147 (1.094) 5.670 (1.009) 5.618 (1.000)
De 19.67 (0.564) 29.63 (0.850) 18.81 (0.539) 30.47 (0.874) 34.87 (1.000)
ωe 24.9 (0.780) 30.3 (0.886) 21.2 (0.620) 31.1 (0.909) 34.2 (1.000)
C6 1.203 (0.815) 1.467 (0.994) 1.613 (1.093) 1.586 (1.075) 1.476 (1.000)
σ 5.235 (1.043) 5.066 (1.010) 5.414 (1.079) 5.037 (1.004) 5.018 (1.000)
Ne2
Re 6.138 (1.051) 5.952 (1.019) 6.015 (1.030) 5.893 (1.009) 5.839 (1.000)
De 72.70 (0.542) 105.83 (0.789) 110.87 (0.826) 115.29 (0.859) 134.18 (1.000)
ωe 20.7 (0.704) 25.7 (0.874) 24.3 (0.827) 22.3 (0.758) 29.4 (1.000)
C6 5.320 (0.821) 7.967 (1.229) 6.819 (1.052) 7.369 (1.137) 6.480 (1.000)
σ 5.505 (1.053) 5.331 (1.019) 5.310 (1.015) 5.213 (0.997) 5.230 (1.000)
Ar2
Re 7.133 (1.005) 7.227 (1.018) 7.183 (1.012) 7.013 (0.988) 7.099 (1.000)
De 453.08 (0.997) 382.13 (0.841) 451.32 (0.993) 550.71 (1.212) 454.50 (1.000)
ωe 30.5 (0.953) 27.9 (0.872) 28.6 (0.893) 33.8 (1.056) 32.0 (1.000)
C6 77.56 (1.174) 66.10 (1.001) 80.43 (1.217) 89.71 (1.358) 66.07 (1.000)
σ 6.357 (0.998) 6.454 (1.014) 6.381 (1.002) 6.237 (0.980) 6.367 (1.000)
Kr2
Re 7.587 (1.001) 7.729 (1.020) 7.642 (1.008) 7.491 (0.989) 7.578 (1.000)
De 689.18 (1.078) 541.08 (0.846) 668.02 (1.045) 785.60 (1.229) 639.42 (1.000)
ωe 24.3 (0.996) 21.6 (0.889) 24.2 (0.996) 26.2 (1.078) 24.3 (1.000)
C6 165.09 (1.230) 129.26 (0.963) 160.30 (1.195) 175.07 (1.305) 134.19 (1.000)
σ 6.760 (0.996) 6.906 (1.017) 6.785 (0.999) 6.668 (0.982) 6.789 (1.000)
a Reference [20]
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